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Abstract
This paper studies the robust stability of uncertain neural networks with multiple time
delays with respect to the class of nondecreasing activation functions. By using the
Lyapunov functional and homeomorphism mapping theorems, we derive a new
delay-independent sufficient condition the existence, uniqueness, and global
asymptotic stability of the equilibrium point for delayed neural networks with
uncertain network parameters. The condition obtained for the robust stability
establishes a matrix-norm relationship between the network parameters of the neural
system, and therefore it can easily be verified. We also present some constructive
numerical examples to compare the proposed result with results in the previously
published corresponding literature. These comparative examples show that our new
condition can be considered as an alternative result to the previous corresponding
literature results as it defines a new set of network parameters ensuring the robust
stability of delayed neural networks.
Keywords: stability analysis; delayed neural networks; interval matrices; Lyapunov
functionals
1 Introduction
Dynamical neural networks have recently received a great deal of attention due to their po-
tential applications in image and signal processing, combinatorial optimization problems,
pattern recognition, control engineering, and some other related areas. In the electronic
implementation of analog neural networks, during the processing and transmission of sig-
nals in the network, due to the finite switching speed of amplifiers, some time delays occur
which may change the dynamical behavior of the network from stable to unstable. There-
fore, it is important to take into account the effects of the time delays in the dynamical
analysis of neural networks. On the other hand, it is well known that unavoidably some
disturbances are to be considered in the modeling and stability analysis neural networks.
The major disturbances occur within the network, which is mainly due to the deviations
in the values of the electronic components during the process of implementation. There-
fore, in recent years, many papers have focused on studying the existence, uniqueness,
and global robust asymptotic stability of the equilibrium point in the presence of time de-
lays and parameter uncertainties for various classes of nonlinear neural networks, and one
reported some robust stability results [–].
In the current paper, we aim to study the robust stability of a class of uncertain neural
networks with multiple time delays. By using the Lyapunov functional and homeomor-
©2014 Arik; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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phismmapping theorems, a new delay-independent sufficient condition for global robust
asymptotic stability of the equilibrium point for this class of neural networks is derived.
Meanwhile, three numerical examples are presented to demonstrate the applicability of
the condition and to show the advantages of our result over the previously published ro-
bust stability results.
We use the following notation. Throughout this paper, the superscript T represents
the transpose. I stands for the identity matrix of appropriate dimension. For the vector
v = (v, v, . . . , vn)T , |v|will denote |v| = (|v|, |v|, . . . , |vn|)T . For any real matrixQ = (qij)n×n,
|Q| will denote |Q| = (|qij|)n×n, and λm(Q) and λM(Q) will denote the minimum and max-
imum eigenvalues of Q, respectively. If Q = (qij)n×n is a symmetric matrix, then Q >  will
imply thatQ is positive definite, i.e.,Q has all eigenvalues real and positive. Let P = (pij)n×n
and Q = (qij)n×n be two symmetric matrices. Then, P <Q will imply that vTPv < vTQv for
any real vector v = (v, v, . . . , vn)T . A realmatrix P = (pij)n×n is said to be a nonnegativema-
trix if pij ≥ , i, j = , , . . . ,n. Let P = (pij)n×n and Q = (qij)n×n be two real matrices. Then,

























The delayed neural network model we consider in this paper is described by the set of


















where i = , , . . . ,n, n is the number of the neurons, xi(t) denotes the state of the neuron i
at time t, fi(·) denote activation functions, aij and bij denote the strengths of connectivity
between neurons j and i at time t and t – τij, respectively; τij represents the time delay
required in transmitting a signal from the neuron j to the neuron i, ui is the constant
input to the neuron i, ci is the charging rate for the neuron i.
In order to accomplish the objectives of this paper in the sense of robust stability of
dynamical neural networks, we will first define the class of the activation functions that
we will employ in the neural network model (.) and the parametric uncertainties of the
system matrices A, B, and C.
The activation functions fi are assumed to be nondecreasing and slope-bounded, that
is, there exist some positive constants ki such that the following conditions hold:
 ≤ fi(x) – fi(y)
x – y
≤ ki, i = , , . . . ,n,∀x, y ∈ R,x 	= y.
This class of functions will be denoted by f ∈K.
Arik Advances in Difference Equations 2014, 2014:41 Page 3 of 16
http://www.advancesindifferenceequations.com/content/2014/1/41
Wewill set intervals for the systemmatrices A = aij, B = bij and C = ci in (.) as follows:
CI :=
{










B = (bij) : B B  B, i.e.,bij ≤ bij ≤ bij, i, j = , , . . . ,n
}
.
In what follows, wewill give some basic definitions and lemmas that will play an important
role in the proof of our robust stability results.
Definition . (See []) Let x∗ = (x∗ ,x∗, . . . ,x∗n)T be an equilibrium point of neural sys-
tem (.). The neural network model (.) with the parameter ranges defined by (.) is
globally asymptotically robust stable if x∗ is a unique and globally asymptotically stable
equilibrium point of system (.) for all C ∈ CI , A ∈ AI , and B ∈ BI .
Lemma . (See []) If H(x) ∈ C satisfies the conditions H(x) 	= H(y) for all x 	= y and
‖H(x)‖ → ∞ as ‖x‖ → ∞, then H(x) is a homeomorphism of Rn.
Lemma . (See []) Let x = (x,x, . . . ,xn)T ∈ Rn. If
A ∈ AI :=
{
A = (aij) : A A A, i.e., aij ≤ aij ≤ aij, i, j = , , . . . ,n
}






x ≤ xT(P(A∗ –ϒ) + (A∗ –ϒ)TP)x
+ xT
(∥∥P(A∗ +ϒ) + (A∗ +ϒ)TP∥∥I)x,
where A∗ =  (A +A), A∗ =

 (A –A).
3 Robust stability analysis
In this section, we will present a new sufficient condition that guarantees the global robust
asymptotic stability of the equilibrium point of the neural network model (.), which is
stated in the following theorem.
Theorem . For the neural network model (.), assume that f ∈K and the network pa-
rameters satisfy (.).Then the neural networkmodel (.) has a unique and globally robust
asymptotically stable equilibrium point for each u, if there exist a positive diagonal matrix
P and a nonnegative diagonal matrix ϒ such that the following condition holds:













√‖R‖∞ + ρ√‖R‖)I > ,
where K = diag(ki > ), A∗ =  (A+A), A∗ =

 (A–A), pM =max(pi), R = (rij)n×n with rij = b̂

ij
with b̂ij =max{|bij|, |bij|}, ρ and ρ are positive constants such that ρ +ρ =  and ρρ = .
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Proof We will first prove the existence and uniqueness of the equilibrium point of system
(.) by making use of the homeomorphism mapping theorem defined in Lemma .. To
this end, we define the mapping associated with system (.) as
H(x) = –Cx +Af (x) + Bf (x) + u. (.)
We point out here that if x∗ is an equilibrium point of the neural network model (.),









+ u = .
Therefore, every solution of the equation H(x) =  is an equilibrium point of system (.).
Hence, if we shaw thatH(x) is homeomorphismof Rn, thenwewill conclude thatH(x∗) = 
has a unique solution for each u. In order to prove that H(x) is a homeomorphism of Rn,
we choose two real vectors x ∈ Rn and y ∈ Rn such that x 	= y. In this case, we can write the
following equation for H(x) given by (.):
H(x) –H(y) = –C(x – y) +A
(




f (x) – f (y)
)
. (.)
Let x 	= y. If f (x) – f (y) =  when x 	= y, then (.) takes the form
H(x) –H(y) = –C(x – y)
from which it follows that H(x) 	=H(y) if x – y 	=  as C is a positive diagonal matrix. Now
assume that f (x) – f (y) 	=  when x– y 	= . In this case, if we multiply both sides of (.) by
(f (x) – f (y))TP, we obtain

(
f (x) – f (y)
)TP(H(x) –H(y)) = –(f (x) – f (y))TPC(x – y)
+ 
(
f (x) – f (y)
)TPA(f (x) – f (y))
+ 
(
f (x) – f (y)
)TPB(f (x) – f (y))
= –
(




f (x) – f (y)
)T(PA +ATP)(f (x) – f (y))
+ 
(
f (x) – f (y)
)TPB(f (x) – f (y)), (.)
where P = diag(pi > ) is a positive diagonal matrix.
In the light of Lemma ., we can write
(
f (x) – f (y)
)T(PA +ATP)(f (x) – f (y))
≤ (f (x) – f (y))T(P(A∗ –ϒ) + (A∗ –ϒ)TP)(f (x) – f (y))
+
(
f (x) – f (y)
)T(∥∥P(A∗ +ϒ) + (A∗ +ϒ)TP∥∥I)(f (x) – f (y)), (.)
where ϒ is a nonnegative diagonal matrix.
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f ∈K implies that
–
(
f (x) – f (y)


















f (x) – f (y)
)TCPK–(f (x) – f (y)). (.)
We also note the following inequality:

(
f (x) – f (y)
































∣∣fi(xi) – fi(yi)∣∣∣∣fj(xj) – fj(yj)∣∣, (.)
where ρ and ρ are positive constants such that ρ + ρ =  and ρρ = , pM = max(pi)
and b̂ij =max{|bij|, |bij|}.
Equation (.) can be written in the following form:

(
f (x) – f (y)




























































∥∥f (x) – f (y)∥∥ + αn





∥∥f (x) – f (y)∥∥ + β n
∥∥f (x) – f (y)∥∥
)
, (.)
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where α and β are some positive constants. Letting α =
√
n√‖R‖∞ and β =
√
n√‖R‖ in (.) yields

(
f (x) – f (y)
)TPB(f (x) – f (y))
≤ √npMρ




√‖R‖(f (x) – f (y))T(f (x) – f (y)). (.)
Using (.), (.), and (.) in (.) results in

(
f (x) – f (y)
)TP(H(x) –H(y))
≤ –(f (x) – f (y))TCPK–(f (x) – f (y))
+
(
f (x) – f (y)
)T(P(A∗ –ϒ) + (A∗ –ϒ)TP)(f (x) – f (y))
+
(
f (x) – f (y)








√‖R‖(f (x) – f (y))T(f (x) – f (y)),
which can be written in the form

(
f (x) – f (y)
)TP(H(x) –H(y))
≤ –(f (x) – f (y))T(f (x) – f (y)). (.)
For the activations functions belonging to the classK, it has been shown in [] that for the
inequality in the form of (.), if  > , thenH(x) 	=H(y), for all x 	= y, and ‖H(x)‖ → ∞ as
‖x‖ → ∞. Hence, we have proved that the mapH(x) : Rn → Rn is a homomorphism of Rn,
meaning that the condition of Theorem . implies the existence and uniqueness of the
equilibrium point for neural network model (.).
It will be now shown that the condition obtained for the existence and uniqueness of the
equilibrium point of neural network model (.) in Theorem . also implies the global
asymptotic stability of the equilibrium point. To this end, we will shift the equilibrium
point x∗ of system (.) to the origin. The transformation zi(·) = xi(·) – x∗i , i = , , . . . ,n,
puts the network model (.) into the following form:














, i = , , . . . ,n, (.)
where gi(zi(·)) = fi(zi(·) + x∗i ) – fi(x∗i ), i = , , . . . ,n, satisfies the following property:
 ≤ gi(z)
z
≤ ki, ∀z ∈ R, z 	=  and gi() = , i = , , . . . ,n.
Note that equilibrium and stability properties of the neural network models are identical.
Therefore, proving the asymptotic stability of the origin of system (.) will directly im-
ply the asymptotic stability of x∗. Now, consider the following positive definite Lyapunov
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where the pi, α, β , γ , and ε are positive constants to be determined later. The time deriva-
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)(∥∥P(A∗ +ϒ) + (A∗ +ϒ)TP∥∥I)g(z(t)). (.)
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Let γ = ncm (â

M + b̂M), α =
√
n√‖R‖∞ and β =
√































































































It has been shown in [] that, for the Lyapunov functional defined above, if its time deriva-




cmλm() with being positive definite, then the origin
system (.), or equivalently the equilibrium point of system (.) is globally asymptoti-
cally stable. Hence, we have shown that the condition of Theorem . implies the global
robust asymptotic stability of system (.). 
4 Comparison and examples
In this section, we present some constructive numerical materials to demonstrate the ef-
fectiveness and applicability of the proposed conditions and to show the advantages of our
results over the previous corresponding robust stability result derived in the literature. In
order to make a precise comparison between the results, we will first restate results from
the previous literature.
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Theorem . (See []) For the neural network model (.), assume that f ∈ K and the
network parameters satisfy (.). Then the neural network model (.) is globally asymp-
totically robust stable if there exists a positive diagonal matrix P = diag(pi > ) such that





√‖R‖∞ + ρ√‖R‖)I > ,
where K = diag(ki > ) is a positive diagonal matrix, S = (sij)n×n with sii = –piaii, sij =
–max (|piaij + pjaji|, |piaij + pjaji|) for i 	= j, pM =max(pi), R = (rij)n×n with rij = b̂ij, and b̂ij =
max{|bij|, |bij|}, and ρ and ρ are positive constants such that ρ + ρ =  and ρρ = .
Theorem . (See []) For the neural network model (.), assume that f ∈ K and the
network parameters satisfy (.). Then the neural network model (.) is globally asymp-
totically robust stable, if there exists a positive diagonal matrix P = diag(pi > ) such that
 = CPK– – PA∗ –A∗TP –
∥∥PA∗ +AT∗ P∥∥I – √npM(ρ
√‖R‖∞ + ρ√‖R‖)I > ,
where K = diag(ki > ) is a positive diagonal matrix, pM =max(pi), R = (rij)n×n with rij = b̂ij,
and b̂ij =max{|bij|, |bij|}; ρ and ρ are positive constants such that ρ +ρ =  and ρρ = ,
and A∗ =  (A +A), A∗ =

 (A –A).
Theorem . (See []) For the neural network model (.), assume that f ∈ K and the
network parameters satisfy (.). Then the neural network model (.) is globally asymp-














αjb̂ji > , i = , , . . . ,n,
where âji =max{|aji|, |aji|} and b̂ji =max{|bji|, |bji|}.
We will now consider the following examples.




 – – –
   –
– –  –
– –  
⎤
⎥⎥⎥⎦ , A =
⎡
⎢⎢⎢⎣
   
   
   






– – – –
– – – –
– – – –
– – – –
⎤
⎥⎥⎥⎦ , B =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ ,
k = k = k = k =  and c = c = c = c = cm,
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   
   
–   
– –  
⎤
⎥⎥⎥⎦ , A∗ =
⎡
⎢⎢⎢⎣
   
   
   






   
   
   
   
⎤
⎥⎥⎥⎦ , R =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ .
We note that ‖R‖ =  and ‖R‖∞ = . We consider a special case of Theorem . where




– – – –
– – – –
– – – –
– – – –
⎤
⎥⎥⎥⎦ .
Then, for ρ =  and ρ = ,  in Theorem . is obtained as follows:






cm –  –. –. –.
–. cm –  –. –.
–. –. cm –  –.
–. –. –. cm – 
⎤
⎥⎥⎥⎦ .
Note that  >  if and only if cm > .. Hence, the robust stability condition imposed by
Theorem . is cm > .. For the same network parameters of this example, we will obtain




   
   
   














  – –
   –
–   
– –  
⎤
⎥⎥⎥⎦ ,
P(A∗ +ϒ) + (A∗ +ϒ)TP =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ .
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cm –  –  
– cm –  – 
 – cm –  –
  – cm – 
⎤
⎥⎥⎥⎦ .
It can be calculated that  >  if and only if cm > .. Therefore, Theorem . imposes a
less restrictive stability condition on the network parameters than Theorem . does.




– – – –
–  – –
– –  –
– – – 
⎤
⎥⎥⎥⎦ , A =
⎡
⎢⎢⎢⎣
   
   
   






– – – –
– – – –
– – – –
– – – –
⎤
⎥⎥⎥⎦ , B =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ ,
k = k = k = k = , and c = c = c = c = cm.




–   
   
   
   
⎤
⎥⎥⎥⎦ , A∗ =
⎡
⎢⎢⎢⎣
   
   
   






   
   
   
   
⎤
⎥⎥⎥⎦ , R =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ ,




   
   
   
   
⎤
⎥⎥⎥⎦ .











–   
 –  
  – 
   –
⎤
⎥⎥⎥⎦ ,
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P(A∗ +ϒ) + (A∗ +ϒ)TP =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ .




cm –    
 cm –   
  cm –  
   cm – 
⎤
⎥⎥⎥⎦ .
The condition  >  is satisfied if cm > . For the parameters of this example,  in Theo-
rem . is in the form
 = cmI –A∗ –A∗T –





cm – .   
 cm – .  
  cm – . 
   cm – .
⎤
⎥⎥⎥⎦ .
The choice cm > . implies that  > , which ensures the global robust stability of neural
system (.). Hence, for the network parameters of this example, if  < cm ≤ ., then the
result of Theorems . does not hold, whereas the result of Theorem . is still applicable.





 – – –
–  – –
– –  –
– – – 
⎤
⎥⎥⎥⎦ , A =
⎡
⎢⎢⎢⎣
   
   
   






– – – –
– – – –
– – – –
– – – –
⎤
⎥⎥⎥⎦ , B =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ ,
k = k = k = k = , and c = c = c = c = cm.




   
–   
– –  
– – – 
⎤
⎥⎥⎥⎦ , A∗ =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ ,





   
   
   
   
⎤
⎥⎥⎥⎦ , B̂ =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ , R =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ ,




   
   
   














   
   
   
   
⎤
⎥⎥⎥⎦ ,
P(A∗ +ϒ) + (A∗ +ϒ)TP =
⎡
⎢⎢⎢⎣
   
   
   
   
⎤
⎥⎥⎥⎦ .




cm –    
 cm –   
  cm –  
   cm – 
⎤
⎥⎥⎥⎦ .
Clearly, >  holds if and only if cm > . Therefore, for this example, Theorem. ensures
the global robust stability of neural system (.) under the condition that cm > .
When checking the condition of Theorem . for the same network parameters of this
example, we search for the existence of the positive constants α, α, α, and α such that
the following conditions hold:
cmα – α – α – α – α > ,
–α + cmα – α – α – α > ,
–α – α + cmα – α – α > ,
–α – α – α + cmα – α > ,
which can be written in form
⎡
⎢⎢⎢⎣
cm –  – – –
– cm –  – –
– – cm –  –
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From the properties of the nonsingular M-matrices [], in order to ensure the existence
of α, α, α, and α the symmetricmatrix in the above inequalitymust be positive definite,
which holds if and only if cm > . Obviously, for the interval  < cm ≤ , our condition
obtained in Theorem . is satisfied, but the result of Theorem . does not hold.
5 Conclusions
In this paper, we have focused on the existence, uniqueness, and global robust stability
of an equilibrium point for neural networks with multiple time delays with respect to
the class of nondecreasing activation functions. We have employed a suitable Lyapunov
functional and made use of the homeomorphismmapping theorem to derive a new time-
independent robust stability condition for dynamical neural networks with multiple time
delays. The obtained condition basically establishes a relationship between the network
parameters of the neural system and the number of neurons.We have also presented some
numerical examples, which enabled us to show the advantages of our result over previously
reported robust stability results. We should point here that in the neural network model
we have considered, the delay parameters are constant and the stability condition we ob-
tain is delay independent. However, it is possible to derive some delay-dependent stability
conditions for the same neural network model by employing different classes of Lyapunov
functionals.
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